arXiv:hep-th/9808040v2 31 Aug 2000 


BRST COHOMOLOGY AND HODGE DECOMPOSITION THEOREM 

IN ABELIAN GAUGE THEORY 


R. P. MALIK [] 

S. N. Bose National Centre for Basic Sciences, 

Block-JD, Sector-Ill, Salt Lake, Calcutta - 700 091, India 

Abstract 

We discuss the Becchi-Rouet-Stora-Tyutin (BRST) cohomology and Hodge decompo¬ 
sition theorem for the two dimensional free U{1) gauge theory. In addition to the usual 
BRST charge, we derive a local, conserved and nilpotent co(dual)-BRST charge under 
which the gauge-hxing term remains invariant. We express the Hodge decomposition theo¬ 
rem in terms of these charges and the Laplacian operator. We take a single photon state in 
the quantum Hilbert space and demonstrate the notion of gauge invariance, no-(anti)ghost 
theorem, transversality of photon and establish the topological nature of this theory by 
exploiting the concepts of BRST cohomology and Hodge decomposition theorem. In fact, 
the topological nature of this theory is encoded in the vanishing of the Laplacian operator 
when equations of motion are exploited. On the two dimensional compact manifold, we 
derive two sets of topological invariants with respect to the conserved and nilpotent BRST- 
and co-BRST charges and express the Lagrangian density of the theory as the sum of terms 
that are BRST- and co-BRST invariants. Mathematically, this theory captures together 
some of the key features of both Witten- and Schwarz type of topological held theories. 
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1 Introduction 

The principles of local gauge invariance have played a very significant role in the devel¬ 
opment of modern theoretical high energy physics up to the energy scale of the order of 
grand unification. One of the key features of these theories is the existence of first-class 
constraints on them. The most natural and handy framework for the covariant canonical 
quantization of such a class of theories is the BRST formalism [1,2]. In this scheme, we en¬ 
large the phase space of the original gauge system by incorporating the gauge-fixing and the 
Faddeev-Popov ghost terms in the starting Lagrangian density. The ensuing theory is uni¬ 
tary and turns out to be invariant under a new, supersymmetric type and nilpotent BRST 
symmetry which incorporates the local gauge symmetry of the original Lagrangian density 
in a subtle way. This symmetry is generated by a conserved and nilpotent BRST charge 
Qb- The foot-prints of the original gauge theory are encoded in the BRST charge because 
the requirement of the physical state condition Qb \phys > = 0 leads to the annihilation of 
the physical states in the quantum Hilbert space by the first-class constraints of the original 
gauge theory (see, e.g., equation (5.3) below) [3-6] Q. The nilpotency of the BRST charge 
{Q'b = 0 ) the physical state condition {Qb \phys >= 0 ) are the two key properties 
which are intimately connected with the differential geometry and its application to coho¬ 
mology [5,6,9-12]. For instance, two BRST closed states {Qb \phys >= 0, Qb \phys >'= 0) 
in the quantum Hilbert space are said to be cohomologically equivalent if they differ by a 
BRST exact state (he., \phys >' = \phys > + Qb \x > for any nonzero \x > in the Hilbert 
space). This property is analogous to the property of the exterior derivative d{(P = 0) of 
differential geometry where two closed forms {e.g.,df = 0,df' = 0), defined on a compact 
manifold, are cohomologically equivalent if they differ by an exact form {i.e., f = f + dg). 
One of the key theorems in the de Rham cohomology is the celebrated Hodge decomposi¬ 
tion theorem defined on a compact manifold. This theorem states that on this manifold 
any p-form fp can be decomposed into a harmonic form ujp {Aup = 0, dup = 0, Sup = 0) an 
exact form dpp-i and a co-exact form 5hp_^_i as follows: 

fp LOp -|- dgp—i -|- 5hp_^.ij (1.1) 

where 6{= ±*d*]6‘^ = 0) is the Hodge dual of d and the Laplacian A is defined as A = 
{d -|- (5)^ = dd + 6d [9-12]. So far, the analogue of d has been found out as the conserved 
and nilpotent BRST charge Qb which generates a nilpotent BRST symmetry for a locally 
gauge invariant Lagrangian density in any arbitrary dimension of spacetime. It will be, 
therefore, an interesting endeavour to express S and A in terms of the local conserved 
charges corresponding to some specific symmetry properties of a given BRST invariant 
Lagrangian density in any particular dimension of spacetime. 

The purpose of the present paper is to shed some light on the analogues of 5 and A in 
the language of the nilpotent (for 6), local, covariant and continuous symmetry properties 

tSome attempts have also been made to discuss the second class constraints in the framework of BRST 
formalism (see, e.g., Refs. [7,8] and references therein). 



3 


of the free U{1) gauge theory described by a BRST invariant Lagrangian density in two 
(1 + 1) dimensions(2D) of spacetime. Some attempts have been made towards this goal in 
any arbitrary dimension of spacetime for the Abelian as well as non-Abelian gauge theories. 
However, the symmetry transformations turn out to be nonlocal and noncovariant [13-16]. 
In the covariant formulation, the corresponding symmetries become even non-nilpotent and 
the nilpotency is restored only when certain specihc restrictions are imposed [17]. We will 
demonstrate that for the 2D BRST invariant U{1) gauge theory, a local, conserved and 
nilpotent (co)dual BRST charge Qd can be defined that generates a new local, covariant 
and nilpotent symmetry transformation under which the gauge-fixing term 5A = (9 • A) 0 
remains invariant. This property should be compared and contrasted with the usual BRST 
transformation under which the two-form F = dA remains invariant in the U{1) gauge 
theory. Further, we show that the anticommutator of both these charges W = {Qb,Qd} 
is the analogue of the Laplacian operator A and it turns out to be the Casimir operator 
for the extended BRST algebra. It is, however, the topological nature of the 2D free U{1) 
gauge theory that IT —> 0 when equations of motion are exploited and all the helds are 
assumed to fall off rapidly at x —*• ±cx). To be more specihc, we demonstrate that, for a 
single photon state in the quantum Hilbert space, the BRST- and co-BRST symmetries 
are good enough to gauge away both the degrees of freedom of photon and the free 2D 
U{1) gauge theory becomes topological in nature (see, e.g., Ref. [18]). In the framework 
of BRST cohomology and Hodge decomposition theorem, the topological nature of this 
theory is encoded in the vanishing of the Laplacian operator when equations of motion are 
exploited. In fact, the on-shell expression for the Laplacian operator (IF) encompasses the 
left-over degrees of freedom in the theory. We derive two sets of topological invariants on 
the 2D compact manifold w.r.t. BRST- and co-BRST charges and express the Lagrangian 
density as well as energy momentum tensor as the sum of BRST- and co-BRST invariant 
parts. These properties, together with symmetry considerations, are essential to establish 
the topological nature of the 2D free U{1) gauge theory. 

The material of our work is organized as follows. In Sec. 2, we set up the notations 
and give the bare essentials of the BRST formalism for the U{1) gauge theory in any ar¬ 
bitrary dimension of spacetime. In Sec. 3, we discuss various kinds of dualities in two 
dimensional free U{1) gauge theory and derive expressions for the co-BRST charge and the 
Casimir operator. Sec. 4 is devoted to the derivation of the extended BRST algebra. The 
constraints on the physical states of the total Hilbert space are obtained in Sec. 5. We 
take a single photon state as the harmonic state of the Hodge decomposition theorem and 
demonstrate the strength of BRST cohomology in the analysis of transversality of photon, 
gauge invariance, no-ghost theorem, etc., and give a concise proof of the topological nature 
of this theory. We derive two sets of topological invariants on the 2D compact manifold 
w.r.t. BRST- and co-BRST charges in Sec. 6. Finally, we discuss our main results, make 

f Here the vector potential is defined through the one-form A = dx^. Furthermore, it can be 
easily seen that the gauge-fixing term {d ■ A) = 5 + is the Hodge dual of the two form F = dA for the 
Abelian gauge theory in any arbitrary dimension of spacetime (see, e.g., Ref. [11] for details). 
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some concluding remarks and propose some speculative ideas for future investigations. 

2 Preliminary: BRST Formalism 

Let us begin with the BRST invariant Lagrangian density (£{,) for the D-dimensional U{1) 
gauge theory in the Feynman gauge (see, e.g., [4-6]) 

A = + B{d ■ R) + + ^cnC, (2.1) 

where □ = 9^9^(yU = 0,1,2. D - 1), {d ■ A) = - d^A^, B is the 

Nakanishi-Lautrup auxiliary held and C{C) are (anti)ghost helds with = 0. 

The local gauge symmetry of the starting Maxwell Lagrangian density is now 

traded with the off-shell nilpotent {5l = 0) BRST symmetry transformations 

5bA^, = SbF^u = 0, SbC = 0, . . 

SbC = ig B, 6bB = 0, Sb{d ■A)=gnC, ^ ^ 

where g is an anticommuting [gC = —Cg,gC = —Cg) spacetime independent transforma¬ 
tion parameter. The following Lagrangian density obtained from (2.1) (with B = —((9-R)) 

Cb = -\F>^^F^, - i(a . R)2 + tCaC, (2.3) 

remains invariant under the on-shell {OC = 0) nilpotent (■51 = 0) BRST transformations 

= gd^C, 6 bC = 0 , SsFfj^iy = 0 , , . 

SsC = -ig{d-A), 6B{d- A) =gnC. ^ ’ 

The conserved {Qb,B = doQb^B = 0) and nilpotent {QIb = 0) BRST charge {Qb,B) 

b = I {BC -BC)= I d^-^x [ do{d ■ A)C - {d ■ A)C ], (2.5) 

is the generator of the transformations (2.2) and (2.4) as the following equation 

=-ig[^,Qk]^, k = b,B, (2.6) 

where (+)— stands for the (anti)commutator (depending on whether the generic held <h 
is (fermionic)bosonic), generates the above transformations if one exploits the covariant 
canonical (BRST) quantization of the Lagrangian density (2.3) 

[Ao{x,t),{d ■ A){y,t)] = -i6^^-^\x -y), 

[Ai{x,t),Ej{y,t)] = i Sij -y), 

{C{x,t),C{y,t)} = 6^^-^\x-y), 

{C{x,t),CiyA)} = - y), 

and all the rest of the (anti)commutators are zero. 


(2.7) 
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The invariance of the ghost action Ip.p. = i J d^x (7 □ (7 under the global scale trans¬ 
formations : C e^C, C —>• e~^C leads to the derivation of a conserved charge (Qg) 

Qg =-ij {C C+ C C). (2.8) 

Furthermore, the discrete symmetry: C —> ±iC,C —>■ ±z(7 invariance of Ipp, leads to the 
existence of a nilpotent and conserved anti-BRST charge Qab whose expression as well as 
the symmetry transformations it generates, can be obtained from equations (2.5), (2.2) and 
(2.4) by the substitution: C ±iC. The following BRST algebra 

{Qb,Qb} = {Qab, Qab} = 0, 

{Qb, Qab} = QbQab + QabQb = 0, (2.9) 

i[Qg,QB] ~^Qb, i[Qg,QAB] QaB, 

states that the ghost number is -|-1 for Qs and —1 for Qab- 

At this stage, it is important to pin-point some of the salient features which will be rel¬ 
evant for our further discussions. First of all, the statements that have been made above, 
are valid in any arbitrary dimension of spacetime. Secondly, it can be checked that the 
transformations generated by Qb and Qab anticommute {6bSab + Sab^b = 0) when they 
act on any held. Thirdly, under both the transformations, it is the two-form F = dA 
(or Fgy = dgAy — dyAg) that remains invariant and not the gauge- hxing term 5 A ( or 
d ■ A) which is dual to it. Finally, it is obvious that the anti-BRST charge Qab is not the 
analogue of the dual exterior derivative 6 = ±*d* in the discussion of the cohomological 
aspects of BRST formalism. As a consequence, in any arbitrary spacetime dimension, there 
are no analogues of the dual exterior derivative 6 and the Laplacian A in the language of 
the nilpotent, local, covariant and continuous symmetry properties of the BRST invariant 
Lagrangian (2.3) or (2.1). Hence, the Hodge decomposition theorem dehned on a compact 
manifold, can not be implemented in the quantum Hilbert space of such theories. In 2D 
of spacetime, however, we shall demonstrate that symmetries of the BRST invariant La¬ 
grangian density are such that there is one-to-one correspondence with the (dual)exterior 
derivative and the Laplacian operator of differential geometry and the (dual)BRST charge 
and the Casimir operator of the extended BRST algebra. 

3 BRST-Type Symmetries and Dualities in 2D 

In addition to the symmetries: C —>■ ±iC, C —>■ ±iC, the ghost action i J d^x (7 □ (7 in 
2D has another symmetry; namely, 

dg^±i = -6^, (3.1) 

§ We adopt here the notations in which the 2D flat Minkowski metric is: rjgi, = diag (-1-1, -1) and 
□ = = dodo - didi,Foi = doAi - diAo = E = F^°,eoi = = -tl, {d ■ A) = doAo - diAi. 
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under which the D’Alembertian □ remains invariant. As a consequence, an analogue of 
the symmetry (2.4) for the Lagrangian density (2.3), can be obtained due to the additional 
symmetry property of the 2D ghost term. These two symmetries are juxtaposed as 


5bA^ = r]d^C, 

5dA.^ = -'qe^yd'^C, 

6bC = 0, 

5dC = 0, 

5BC = -trj{d-A), 

5dC = —iqE, 

5bE = 0, 

Soid ■ A) = 0, 

5B{d-A)=r]nC, 

5dE = qOC, 


(3.2) 


where we have taken : C —> +iC, —>■ -\-iefj,ud'^ in deriving symmetry transformations 
5d from the BRST symmetries 0. It can be checked that both these symmetry trans¬ 
formations are on-shell nilpotent for the Lagrangian (2.3). Furthermore, under the above 
transformations, it can be checked that the 2D BRST invariant Lagrangian density 


C.B — 


\E‘^-\{d-Af + iCuC, 


(3.3) 


transforms to itself modulo some total derivative terms. We christen the 5d transformations 
in (3.2) as the dual-BRST transformations because in contrast to 5b transformations where 
electric held E is invariant, in the case of h is the gauge-hxing term {d-A) that remains 
invariant []. Moreover, it is interesting to see that under ^ the gauge-hxing 

term and the kinetic energy term in the Lagrangian density (3.3), transform to each other. 
This mutual exchange can be obtained even with the transformation A^ —»• 

However, the latter transformation is not the symmetry of the 2D ghost action with which 
the BRST-type symmetries are connected. Thus, we shall call the duality transformations 
as the ones in which C —>■ EiC, C —>■ ±^(7, . This will be the analogue of 

the Hodge dual operation * in the differential geometry connected with the cohomological 
aspects of differential forms dehned on a compact manifold. 

In 2D, the held strength tensor has only one independent component which corre¬ 
sponds to the electric held E and there is no magnetic held B. Thus, the usual duality 
invariance of the Maxwell equations under Ei Bi, Bi —Ei in 4D cannot be obtained 
here in 2D. However, the gauge-hxing term d-A = d^A^ and the electric held E = —e^yd^^A'^ 
are like scalar and pseudoscalar in 2D. Thus, a duality between gauge-hxing and the electric 
held can be dehned. For instance, it can be seen that the following Maxwell equations 


+ d’^{d ■ A) = 0, 


lead to two independent equations 


d^E 

diE 


di{d-A) 
do{d-A) 


0 , 

0 , 


(3.4) 

(3.5) 
±iC, C - 


^ Here and in what follows, we shall take only the (-I-) sign in the transformations: C 
±.iC,d^ —> ±iSfj,yd'^. However, analogous statements will be valid if we take (—) sign. 

II As per our definition in the introduction, the gauge-fixing term 6 A = {d-A) with 5 = is the 

Hodge dual of the two-form F = dA which is the electric field E here in 2D. 
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which remain invariant under the exchange of gauge field E and gauge-hxing term [d ■ A). 
The same symmetry can be achieved if the derivatives do and di are exchanged with each- 
other. Furthermore, if we dehne E = E + i{d ■ A), B = E — i{d ■ A), the equation (3.5) 
can be re-expressed as: OqE + id\B = 0; doB — id\E = 0, which respects duality-type 
invariance: E —y B, B —E. Now we take the Hodge decomposition of the one-form A 
in terms of the analogues of a scalar held (j) and a pseudoscalar held A in 2D 

A^ dx^ = d^cf) dx^ + d^'X dx^, (3.6) 

and dehne k = (j) + iX and ^ = 0 — zA, the Maxwell equations (3.5) can be recast into 

□ {doK - idi^) = 0, . . 

□ {do^ -F i diK) = 0, 

which have k —> (^ —>■ —k symmetry^ that resembles the usual duality symmetry of the 
Maxwell equations in more than 2D. In fact, due to the decomposition (3.6), the Lagrangian 
density (2.3) can be rewritten in the following form 


Ds = |(□A)2-l(□(^)2 + ^(T □ C, (3.8) 

which respects the symmetry transformations d^ —>■ Eie^yd'^^C —*• ±iC,C —*• EiC,X —> 
—>■ ±zA. For this Lagrangian density, the symmetry transformations Sb and 6d are 


6b 4> = r]C, 

6d<P — 0, 

6bX = 0, 

6dX = -TjC, 

6bC = 0, 

6bC = irjOX, 

6bC = 

5dC = 0. 


As symmetry transformations (3.2) and (3.9) are fermionic in nature, it is straightforward 
to check that their anticommutator would also lead to a symmetry transforma¬ 

tion for the Lagrangian (2.3). Such a symmetry transformation Sw = {AbAd} with the 
transformation parameter Q = —i rj rj' is 


5\yC — 5y\/ C — 0, 

= C (^o-E'+ ^i(^ ■ ^))) (3.10) 

dwAi = ( {diE + do{d ■ A), 

where rj and r]' are the anticommuting transformation parameters for the transformations 
6b and 6d- For the transformations 6w, h is the ghost term of the Lagrangian density (2.3) 
which remains invariant and the gauge-hxing as well as the electric fields transform. These 
transformations can be recast in terms of (p and A helds of the Lagrangian density (3.8) as 


6w(p = ~C 6wC = 0, 

6wX = —C 6wC = 0. 


** Notice that eventhough we denote k, ^ and E, B by different symbols, they are complex conjugate to 
each-other in each pair because E,{d ■ A), (j> and A are taken to be real. 



8 

Under all the above three symmetries, the action S = f (Px Cb remains invariant because 
5kS = 0 for k = B, D ,W \i all the helds fall off rapidly at a; —> ±cx). 

4 Extended BRST Algebra and Conserved Quantities 

The additional two local, continuous and covariant symmetries 5d (with 6]^ = 0) and 6w 
of the BRST invariant Lagrangian density for the U{1) gauge theory in 2D lead to the 
following conserved charges due to the Noether theorem 

Qd = J dx[E d - E C], W = J dx[do{d-A)E - {d-A) e], (4.1) 

which are in addition to the three charges Qb,Qab and Qg of Sec. 2 (cf. equations (2.5) 
and (2.8)). However, the presence of the symmetry C ±iC and C ±iC, leads to the 
existence of the analogues of transformations (3.2), (3.9-3.11) under which the Lagrangian 
density (2.3) remains invariant. The set of all these charges for 2D case is 

Qb = J dx[do{d-A)C-{d-A)C], Qab = ij dx [do{d ■ A)C - {d ■ A)d], 

Qd = J dx[E d - E C], Qad = ij dx [e C - E C], 

W = J dx [doid-A)E - E(d-A)j, Qg =-i j dx [C C + C C'. 

(4.2) 

If we exploit the covariant canonical (anti)commutators of equation (2.7), these conserved 
charges obey the following algebra 

[hU, Qk] = 0, /c = R, D, AR, AD, g, 

Q% — Q\b ~ Q% ~ Q\d ~ 0) 

{QbiQd} = {Qab,Qad} = W, (4.3) 

f [Qgj Qb] TQb) Qab] QaBi 

f [Qgj Qb] Qdi ^[Qgj Qab] TQaB) 

and all the rest of the (anti)commutators turn out to be zero. A few remarks are in order. 
First of all, we see that the operator W is the Casimir operator for the whole algebra and 
its ghost number is zero. The ghost number oIQb and Qad is +1 and that oiQo and Qab 
is —1. There exist four nilpotent and conserved charges which generate (anti)BRST and 
(anti)dual BRST transformations. Now given a state 1-0 > in the quantum Hilbert space 
with ghost number n {i.e.,iQg\xl) >= n\'il) >), it is straightforward to see that: 

iQgQB\i^> = (n + l) QbHj >, 

iQgQD\i’> = (n - 1) QdIi/'>, (4.4) 

iQgW\'ilj> = nW\'ilj>, 

which demonstrate that, whereas W keeps the ghost number of a state intact and unaltered, 
the operator Qb increases the ghost number by one and Qd reduces this number by one. 
This property is similar to the operation of a Laplacian, an exterior derivative and a dual 
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exterior derivative on a n-form defined on a compact manifold. Thus, we see that the 
degree of the differential form is analogous to the ghost number in the Hilbert space, the 
differential form itself is analogous to the quantum state in the Hilbert space, a compact 
manifold has an analogy with the quantum Hilbert space and d, S and A = dS + Sd are 
Qb 1 Qd and W respectively. It is a notable point that d and 6 can be also identihed 
with Qab and Qad because of the fact that the gauge parameter of the original local 
gauge symmetry can be replaced either by a ghost held or by an antighost held due to the 
symmetry properties of the ghost action. 

There are other conserved quantities in the theory due to the form of the equations of 
motion in 2D U{1) gauge theory. For instance, it can be seen, from the equation of motion 
(3.5), that the gauge-hxing term [d ■ A) and the electric held E are conserved quantities. 
Since these quantities are conjugate momenta w.r.t. Aq and Ai helds, they commute with 
each other. In fact, one can construct inhnite number of commuting conserved quantities 
with E and {d ■ A) because of the fact that the linear equation (3.5) is integrable (see, e.g., 
Ref. [19] for the nonlinear PDF like Boussinesq). Some of these quantities are: 

Iq = f dx E, Ii = J dx {d ■ A), h = I dx E{d ■ A), 
h = \ ! dx[E^ + {d-A)% h = J dx [do{d ■ A) E - {d ■ A)E], 

Ik= J dx Zk, /c = 5,6,7, 8, .. 

h = y dx[Zl + Z|], ho = y dx[Z^, + Z|], ^ ^ 


where the quantities Zk are functions of (<9 ■ A) and E given by: 

Z^ = Cos{d ■ A) Cos{E), Zq = Sin{d ■ A) Sin{E), 

Zj = Cos{d ■ A) Sin{E), Zg = Sin{d ■ A) Cos{E). 


It can be checked that the obey the following equations 


dZk 

dt 


dx 

Zq, 



0, (A; = 5, 6, 7, 8), 

: —Zs, Zg = —Zj, 


(4.6) 

(4.7) 


if we assume the validity of the on-shell conditions (3.5) for the U{1) gauge helds Thus, 
it will be noticed that even without taking recourse to the (anti)ghost helds, the conserved 
quantity A, which is the Casimir operator W of the algebra (4.3), can be constructed 
just by looking at the equations of motion for the U{1) gauge held In the algebra 
(4.3), W emerges due to the anticommutation relation between two charges which contain 
(anti)ghost helds. It is not clear whether all the other conserved charges in (4.5) can be 
expressed as the anticommutator of two fermionic charges which contain (anti)ghosts. 

The equations of motion in the ghost sector □C' = □C' = 0 are such that the following 
quantities (as functions of (anti)ghost helds and their conjugate momenta) 


Go = -ij dx (GG + GG), 

Gi = —if dxC{x,t), G-i = iJ dx C{x,t), 


(4.8) 
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are conserved on-shell if we assume that all the helds fall off rapidly at x —^ ±cxo and there 
is no nontrivial topology at the boundary of the manifold. It can be seen that Gq is the 
expression of the ghost charge Qg. These charges obey the following algebra if we exploit 
the anticommutators of (2.7) 


Gf — ^ {GijGi} — 0, G^^ — |{G_i,G_i} — 0, 

= 0, ijG'ojG'i} = +Gi, i{GQ,G-i\ = —G_i. 


(4.9) 


The above algebra shows that the ghost number of G±i is ±1 and they generate trivial 
symmetry transformations for (anti)ghost helds where these helds transform by a constant. 
Because of the fermionic nature of (anti)ghost helds, it appears that no more conserved 
quantities can be constructed based on the equations of motion DC = nC = 0 . 

With the help of (4.7), one can construct other conserved charges which are analogous 
to Qb and Qd and contain and (anti)ghost helds; namely. 


Js = S dx[{doZs)C-ZsCl 

j; = I dx\z',c- (a„z;) c |, 


(4.10) 


where r,s = 5,6,7, 8 of (4.6) and (4.7). It is clear that the anticommutator of Jg and J' 
will also produce analogue of G. All the conserved quantities in (4.7), (4.8) and (4.10) 
generate certain symmetries. However, the conserved quantity IT = /4 is singled out 
from all the rest of the conserved quantities in (4.5) and (4.10) because of its very spe¬ 
cial nature. It turns out that, without resorting to the on-shell condition (3.5), the La- 
grangian density (3.3) transforms to a total derivative Ed^{d ■ A) — d^E {d ■ A)] un¬ 
der (3.10) which is generated by G = hh- The rest of the conserved quantities generate 
nontrivial symmetry of the Lagrangian density (3.3) only when the on-shell conditions 
(3.5) and DC = □C' = 0 are exploited. For instance, G generates the transformations: 
52 C = 52 C = 0, 62 AQ = —p E, 52 A 1 = p {d ■ A) where p is a constant parameter. This 
transformation is a symmetry transformation of (3.3) only if the on-shell equations (3.5) 
are utilized [ 3 . Thus, the Casimir operator W = G'ls unique in some sense. 

5 BRST Cohomology and Physical States 


It is obvious from the algebra (4.3) and the consideration of the ghost number of states 
{Qb\'^ >, Qd\'^ > and W\xl) > in (4.4)) that one can now implement the Hodge decompo¬ 
sition theorem in the language of the BRST and dual-BRST charges 


T Qb\ d 1 T Qd |X ^n+lj 


(5.1) 


by which, any state |'i/i >„ in the quantum Hilbert space with ghost number n can be 
decomposed into a harmonic state \uj >n, a BRST exact state QbI^ >n-i and a dual-BRST 

Similar kind of symmetry has been pointed out in the context of 2D anomalous gauge theory where 
usual gauge symmetry turns out to be the on-shell symmetry of the chiral Schwinger model [20]. 
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exact state Qd\x >n+i- To refine the BRST cohomology, however, we have to choose a 
representative state from the total states of (5.1) as a physical state. We take here the 
physical state as the harmonic state: \phys >= \u >. By dehnition, such a state would 
satisfy the following conditions: 

Qb \phys >= 0, Qd \phys >= 0, W \phys >= 0, (5.2) 

which leads to the following constraints on the physical states: 

—n° = {d ■ A) \phys > =0, 

-diE = doid ■ A) \phys > = 0, 

—e^yd^A^ = E \phys > = 0, ^ ‘ 

—di{d-A)= E \phys > = 0. 


At this juncture, it is worthwhile to point out that the latter pair of constraints are related 
to the former ones by duality transformations {d ■ A) ^ E i E, E ^ ± i {d ■ A). 
This demonstrates that mathematically different looking theories in 2D, with different 
constraints {cf. (5.3)), are same theories because they are related to each-other by the 
duality transformations between gauge-hxing term [d ■ A) and classical gauge held E. 
The hrst pair of constraints are obtained by the requirement that QB\phys >= 0 which 
demonstrate that the hrst class constraints 11° 0 (momentum w.r.t. Aq held) and the 

Gauss law constraint {diE ^ 0) annihilate the physical state. The latter constraints are 
also interesting as they lead to the proof of topological nature of 2D free U{1) gauge 
theory (see, e.g. Sect. 6 ). In fact, they restrict the physical (harmonic) states to a sector 
carrying zero electric hux. As a result, even the electric held turns out to be physically 
superhuous (in some sense) because of the presence of the new co-BRST symmetry. This 
happens due to the fact that there are no propagating degrees of freedom in the theory. 
Furthermore, the above restrictions imply the masslessness (DA^ = 0) of the photon from 
the BRST- and co-BRST symmetries alone. In the normal formulation with a single charge 
{Qb), the topological nature of the 2 D photon is proven by transversality requirement 
{d ■ A\phys >= 0 ) which emerges from symmetry considerations {QB\phys >= 0 ) and 
masslessness condition which emerges from equation of motion (DA^ = 0 ). 

We shall dwell a bit more on the constraints (5.3) in the phase space representation and 
demonstrate that the physical state conditions (5.2) contain a lot of information about the 
gauge theory. Because of the simple form of the equations of motion DA^ = 0, OC = 0 
and OC = 0, it is very convenient to express the helds A^, C and C in terms of the normal 
mode expansion [ 21 ] 


A^{x,t) 
C{x, t) 
C{x, t) 


dk 


(27r)V2(2A:0)V2 

dk 

(27r)V2(2ito)i/2 

dk 

(27r)V2(2ito)i/2 


afj_{k)e~^^'^ + aJj(A;)e*^'^ 

c{k)e~^^'^ -\- A{k)e^^'^ . 
b{k)e~''^'^ + 6l(/c)e*^'^ 1, 


(5.4) 
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where k^j, is the 2D momenta with the components {ko,k = ki). The symmetry trans¬ 
formations (3.2) can now be exploited to obtain the (anti)commutation relations. These 
are: 


[QB,al{k)] = -kf,c^{k), 
[QB,af,{k)] = kf,c{k), 
{QB,c\k)} = 0, 
{QB,c{k)} = 0, 
{QB,b^{k)} = -tk^al 
{QB,b{k)} = 


[QD,al{k)] = e^yk'^b^k), 
[QD,afj,{k)] = -e^^k^'bik), 
{QD,c^{k)} = ief^^kf^al, 
{QD,c{k)} = -ie^'^kf.au, 
{QD,b\k)} = Q, 

{Qd-, b{k)} = 0 , 


where we have inserted the normal mode expansion (5.4) in the symmetry transformation 
for the helds. Similary, the Casimir operator W generates the following commutation 
relations with creation and annihilation operators: 


[W, al{k)] = +ik‘^ef,^{a''y, [W, af,{k)] = -ik‘^e^^a‘', . . 

[W,c{k)] = [W,c^lk)] = [W,b{k)] = [W,b^{k)] =0. ^ ^ ^ 

It is clear that if we exploit the on-shell condition (he., /c^ = 0) for the fields, the commu¬ 
tation relations generated by W will be trivial. 

Let us dehne the physical vacuum |uac > of the theory as 


Qb \vac > = Qd \vac > = W \vac > = 0, . . 

af^{k) |uac > = c{k) |uac > = b{k) \vac >= 0 . \ ■ J 

Now a single photon state with polarization can be created from the physical vacuum 
by the application of a creation operator aj^; namely, aj^ |uac >. We denote this state 
by |e, vac >. Similary, a single photon state with momentum kf^ can be represented as 
\k, vac >= k^ ajj^ |uac >. Exploiting the commutation relations of (5.5) and the physical 
state condition (5.7), this state can be written as \k, vac >= QB^ib"^{k)\vac >). Thus, the 
normal gauge transformation (with any arbitrary constant a) can be expressed as 


\e + a k, vac >= |e, vac > -|-(5b(* « b'^{k))\vac > . (5.8) 

According to the de Rham cohomology [9-12], all the BRST exact states are trivial. Thus, 
state \e + ak, vac > is equivalent to state |e, vac > which demonstrates the gauge invariance 
in the theory. Now let us concentrate on the physicality criteria on one photon state with 
polarization Using the commutation relations from (5.5), it is clear that 

Qb\g, vac >= —{k ■ e) c\k) |uac >= 0, (5.9) 

which proves the transversality A: ■ e = 0 of photon because c^{k)\vac > is not a null state. 
For the langitudinal or scalar photon for which /c ■ e 7 ^ 0, we hnd that 

c'^(A:)|uac >= — Qb |e, vac >, (5.10) 

which is the statement of no-ghost theorem in the language of BRST cohomology. In 
fact, in the proof of unitarity of the non-Abelian gauge theory, it is well known [ 22 ] that 
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the ghost contributions cancel the contributions coming from the longitudinal or scalar 
gluons. Hence, ghosts are believed to exist in the virtual processes where there is a gluon 
loop contribution. The meaning of equation (5.10) can be stated in a different way. It 
says that any state with momentum fc, that is created by the application of c^{k) on the 
physical vacuum, is a BRST exact state if corresponding gauge photon of momentum k is 
longitudinal or scalar. Thus, states corresponding to the longitudinal or scalar photon are 
trivial states from the point of view of BRST cohomology. 

Now let us consider a dual state to the state \k, vac >0. This state can be written as: 
e^^k^{a^y\vac >= iQDcyk)\vac >. This shows that the dual state is a BRST co-exact 
state. Now the physicality criterion on the one photon state |e, vac > w.r.t. implies 
that e^yC^k^ = 0. This is same as the transversality condition on photon if we take into 
account the masslessness = 0) condition. The precise expression is 

Qd |e, vac >= k'' b\k) \vac >= 0 . (5-11) 

If photons are not transverse then the above equation implies the no-antighost theorem 
because the byk)\vac > state turns out to be BRST co-exact state. This, in turn, implies 
that the byk)\vac > state is not a physical state as far as the full BRST cohomology on 
the physical harmonic state is concerned. Similarly, we can apply the Casimir operator W 
on a single photon state |e, vac > and require the physicality criterion which ultimately 
leads to the masslessness condition = 0 of the photon. All these results are: 

Qb |e, vac > = 0 —>• /c-e = 0 , 

Qd |e, vac > = 0 —>• Sf^yC^k’^ = 0 , (5.12) 

W |e, vac > = 0 —>• k"^ = 0. 

For the free U{1) gauge theory, the criteria of physicality condition lead to the relations 
(5.12) which are consistent with one-another. In fact, the top two basic relations imply the 
third one. Furthermore, the relations k ■ e = 0 and e^yC^k'^ = 0 of (5.12) respect gauge 

invariance under transformations: —*• -|- a k^,e^ —*■ -f I3e^yk'^ if k^ = 0. Here a 

and jS are c-number constants. Normally, one defines a harmonic (a single photon) state as 
the one which is annihilated by the Laplacian operator {W\e,vac >= 0). This condition, 
in turn, implies (5s|e, vac >= 0, Qd^) vac >= 0. It can be readily seen that the condition 
= 0 finds its solution in the form of conditions A: • e = 0 (he., A:oeo = kci) and e^yC^k^ = 
0 {i.e., k^Ci = kco) which are the relations among the components of the momentum vector 
kfj, and polarization vector e^. These relations emerge due to the conditions: QbI^, vac > = 
0, QdIv, vac >= 0 respectively. Now comparing the expression for cq (he., = ^ = ■^^)) 

it can be seen that the masslessness condition emerges very naturally. Thus, these relations 
on a single photon state do satisfy the fact that IF|e,nac >= 0 implies Qs|e,nac >= 
0 , QdI^, vac >= 0 in a subtle way. 

W A dual state can be obtained from a state by the transformations —> iie^yk’', C —> izC, C ±iC. 
This is the analogue of the Hodge * operation of cohomology in the language of symmetry transformations. 
It can be seen explicitly that Qb\4’ >= “ * Qd *1^ >j where \tp >, in general, may depend on fc, C, C. 
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It is obvious that the states c^{k)\vac >, b^{k)\vac > are BRST exact and co-exact re¬ 
spectively (c/. (5.10) and (5.11)). Thus, these are not the physical states. It is interesting 
to note that a single photon state {aj^{k)\vac >) in 2D can also be written as the sum of 
BRST- and co-BRST exact states. This happens here because of the topological nature of 
the theory. The existence of BRST- and co-BRST symmetries enables one to decompose 
both the degrees of freedom of a single 2D photon into a component parallel to the mo¬ 
mentum vector (BRST exact state) and the other component parallel to the polarization 
vector (co-BRST exact state) (see, e.g.. eqns. (3.6), (5.8), (5.11)). Thus, a 2D photon is 
also not a physical state per se. This statement is in conformity with its topological nature. 

6 Topological Invariants 

It is evident from equation (5.2) that for a single physical photon state, we obtain conditions 
(5.12) due to the BRST cohomology. These are mutually consistent with one-another. In 
other words, the validity of any two of them implies the third condition. Thus, if basic 
symmetries are the guiding principles, the operation of ID on a single physical photon 
state is superfluous because the symmetry generated by W can be obtained from the ones 
generated by Qb and Qd- In fact, the presence of the basic BRST- and dual BRST 
symmetries are good enough to gauge away both the physical degrees of freedom of photon 
in 2D. Further, as a consequence of the presence of these two basic symmetries (d ■ A = 
0, = 0), the 2D physical photon is forced to propagate on its mass-shell as well as 

on-shell (DR^ = 0). Thus, free U{1) gauge theory becomes topological in nature [18]. In 
the framework of the BRST cohomology and the Hodge decomposition theorem, this fact 
is encoded in the vanishing of the Laplacian operator W 

W = J dx^ilid-A)"^- as x ^ ±oo, (6.1) 

when the equation of motion d^E — ■ H) = 0 is exploited. Physically, the on-shell 

expression for the Laplacian operator encompasses the physical degrees of freedom left-over 
in the theory after some (or all) of them have been gauged away by BRST- and co-BRST 
symmetries. Thus, expression (6.1) justihes the topological nature of the 2D free U{1) 
gauge theory. This situation should be contrasted with the interacting 1/(1) gauge theory 
where the gauge held couples with the Dirac helds in 2D. As it turns out, the on-shell 
expression of the Laplacian(Casimir) operator W contains only the fermionic degrees of 
freedom (present in the theory) and it does not go to zero on the on-shell [23]. 

The topological nature of this theory is conhrmed by the existence of two sets of topolog¬ 
ical invariants w.r.t. conserved and on-shell (□(/* = □((/ = 0) nilpotent (Q^ = 0, = 0) 

BRST- and co-BRST charges. For the 2D compact manifold, these are 

/fc = / Vk, Jk= ^ bFfc, (^ = 0,1,2), (6.2) 

J Cfe J Ck 

where are the k-dimensional homology cycles in the 2D manifold and 14 and H4 are 
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/c-forms. For the free U{1) gauge theory, these forms are juxtaposed as 

Vo = -(d-A)C, Wo = EC, 

Vi = [iCd^C — A^{d ■ A)] dx^, Wi = — iE dx^, 

V2 = i[A^duC - dx^^ A dx'', hF2 = f ■ A)]dx^" A dx^. 

(6.3) 

It is starightforward to check that Vq and hFo are BRST- and co-BRST invariants on the 
on-shell (DC = DC = 0) because dsid ■ A) = rj n C and SdE = t] O C. Thus, for 
all practical purposes, it can be seen that one can take 5^(9 ■ = 0 and 60 E = 0 on 

the on-shell. The above BRST- and co-BRST invariants (c/. (6.2) and (6.3)) can be also 
written for the off-shell nilpotent BRST- and co-BRST transformations as the Lagrangian 
density (3.3) can be re-expressed as: 

CB = BE-lB^ + B{d-A) + lB^ + iCaC, (6.4) 

by introducing two auxiliary fields B and B. The off-shell nilpotent BRST- and co-BRST 
symmetry transformations for the above Lagrangian density (6.4) are same as the transfor¬ 
mations (3.2) except for the ghost- and auxiliary fields. These additional transformations 


6 bC = itjB, 
5 dC = —irjB, 


6 bB — 0 , 
6 biB = 0 , 


6 bB — 0 , 

SdB = 0 . 


Now the BRST- and co-BRST invariants (w.r.t. off-shell nilpotent BRST- and co-BRST 
transformations) can be expressed in terms of the auxiliary helds B and B by using the 
equations of motion B = E and B = —{d ■ A) [cf. (6.2) and (6.3)). Furthermore, it can 
be checked that V 2 and IT 2 are closed {dV 2 = 0) and co-closed {SW 2 = 0) respectively. The 
ghost number for I 4 and 144 are (-1-1,0,—1) and (—1, 0,4-1) respectively as can be seen 
from the following commutation relations: 

ilQ„ Wt] = (-l)'-* (1 - k)Wt, 

where /c = 0,1,2 and Qg is the ghost charge. The above BRST- and co-BRST invariants 
obey the following relations (see, e.g., [24,25]) 


SsVk = gdVk-i, 

5dWu = r}5Wk-i, 


d = dx^ (9p, 
5 = idx^ 


where, as the above expression shows, d and S are exterior- and dual exterior derivatives 
respectively on the 2D compact manifold. Both these sets of topological invariants are 
connected with each-other by the duality transformations: {d ■ A) iE, C —> iC, <9^ — 
iSgud^iB —iB) as Ik —^ Jk- Thus, these invariants are not entirely independent of each- 
other as, in some sense, the exterior derivative d and the dual exterior derivative 5(= ±*d*) 
are not completely independent. 



16 


It is interesting to verify that the Lagrangian density (3.3), modulo some total deriva¬ 
tives, can be written as the sum of anticommutators with BRST- and co-BRST charges: 


— {Qd, Si} + {Qb, S 2 }, ( 6 . 8 ) 

where Si = ^EC,S 2 = —1(5 ■ A)C. Using the fact that Qr{r = B,D) is the generator 
of the transformations = —ir][^,Qr]±, where (- 1 -)— stands for the (anti)commutator 
depending on the generic held <h being (fermionic)bosonic, it can be checked that: tiCb = 
i SoliEC] — i 5B[{d ■ A)C]. Mathematically, this observation shows that the 2D free U{1) 
gauge theory is similar in outlook as the Witten type topological held theories [25] but quite 
diherent from the Schwarz type topological theories [26]. To be very precise, there is a bit of 
diherence with the Witten type theories as well. This is primarily because of the fact that 
in our discussion there are two nilpotent charges w.r.t. which topological invariants and 
the BRST cohomology are dehned whereas in the Witten type theories there is only one 
nilpotent BRST charge [25] which is obtained by combining a topological shift symmetry 
with the local gauge symmetry. It is clear, however, that there are no shift symmetries in 
our whole discussions. Thus, from symmetry point of view, the free 2D U{1) gauge theory 
is more like Schwarz type topological theories where only local gauge symmetries exist. As 
a consequence, this 2D free theory is a new type of topological held theory which captures 
together some of the salient features of both Witten- and Schwarz type topological theories. 
For both (i.e., Witten as well as Schwarz) type of theories the energy-momentum tensor 
{Tafs) is always a BRST (anti)commutator. It can be seen that for the free 2D U{1) gauge 
theory, the expression for the symmetrie is: 

Tafs = —1[ Eap E + r]ap{d - A) ] dpA'^ — i[ Epp E + rjpp{d ■ A) ] d^AP , . 

- i d^C dpC - i dpC Cb, ^ > 


where Cb is the Lagrangian density of equation (3.3) (or (6.8)). This energy momentum 
tensor, modulo some total derivatives, can be re-expressed as: 


pTay = ^6B[daC Ap +dpC Aa + r]ay{d ■ A) C] 

+ daC EppAP -\- dpC EctpAP — rjapE C ], 


( 6 . 10 ) 


where 5b and 5d correspond to transformations in (3.2). In terms of BRST- and dual 
BRST charges, we can write T^p as: 

r„« = {CB,yj'} + {0D.C}, (6.11) 

where 

= \[d^CAp + dpCA^ + p^p{d-A)C], 
yS = I [ SapAP -p^pEC], 

Thus, for the theory under discussion, the form of energy-momentum tensor is just like 
Witten as well as Schwarz type of topological theories. It is now straightforward to argue 
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that the partition functions as well as the expectation values of the BRST invariants, co- 
BRST invariants and the topological invariants are metric independent. The key point to 
show this fact in the framework of the BRST cohomology and the Hodge decomposition 
theorem is the requirement that Qslvhys >= Q,QD\'phys >= 0 (see, e.g., Ref. [18] for 
details) and the metric independence of the path integral measure (see, e.g., Ref [24] for 
details). We have taken here only the flat Minkowski metric. However, our arguments and 
discussions are valid even if we take a nontrivial metric. In Ref. [24], it has been argued 
that the fermionic-bosonic symmetry of the BRST formalism is good enough to show that 
the path integral measure will be independent of the choice of the metric. 

7 Discussion 

It is clear that the usual nilpotent BRST transformations correspond to a symmetry in 
which the two-form F = dA {e.g., electric held in 2 D) of the U(l) gauge theory remains 
invariant. The nilpotent dual-BRST charge is the generator of a transformation in which 
the gauge-hxing term ((<9 ■ H) = SA) remains invariant. The anticommutator of these 
two transformations corresponds to a symmetry that is generated by the Casimir operator 
for the whole algebra. Under this conserved operator, it is the ghost helds that remain 
invariant. We see from algebra (4.3) and the ghost number considerations in (4.4) that 
the generators Qb,Qd and W of symmetry transformations correspond to the geometrical 
quantities d, 6 and A of differential geometry which describe the de Rham cohomology 
of differential forms on a compact manifold. It is, however, the peculiarity of the BRST 
formalism that these geometrical quantities can be identified with two conserved charges. 
For instance, in addition to the previous identihcations, d and 6 could also be identihed with 
Qab and Qad- Thus, W and A can be expressed in two different ways : W = {Qb,Qd} = 
{Qab, Qad} and A = dS + Sd = d6 + Sd. This shows that the compact manifold, on which 
d, 5 and A are dehned, should be a complex manifold as far as the analogy with BRST 
cohomology of physical states in the quantum Hilbert space is concerned. 

We know that the classical {e.g., electric and magnetic) helds correspond to the two- 
form F = dA which turn out to be gauge- and BRST invariant because of the structure 
of the held strength tensor F^i, = d^Ay — dyA^ and the specihc tranformation on A^. 
We know from the celebrated Aharonov-Bohm ehect that it is the vector potential {i.e. 
one-form A = A^dx^) that plays decisive role at the quantum level and not the classical 
electric or magnetic helds F = dA. Thus, symmetry transformation that leaves the gauge- 
hxing term (5 A) invariant is a quantum mechanical symmetry (right from the outset) by 
its very nature. It is precisely due to this reason that the physical state condition with 
dual-BRST charge {Qd \phys >= 0) leads to a quantum mechanical restriction on the 
physical state when U{1) gauge held is coupled to the Dirac helds. In fact, it has been 
shown in Ref. [23] that the dual-BRST transformation 6 dA^ = —rje^yd^'C corresponds 
to the chiral transformation on the Dirac helds for fermions in 2D. It is obvious that the 
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condition Qo \phys >= 0 would shed some light on the 2D anomaly term [E ~ in 

QED. Thus, full strength of the BRST cohomology might provide a clue to the well known 
result that in 2D, the “anomalous” gauge theory is consistent, unitary and amenable to 
particle interpretation [27,20]. To begin with, the theory under discussion (Ref. [23]) is 
not a chiral gauge theory in 2D. The chiral symmetry in our discussion is respected at the 
quantum level as it corresponds to the dual BRST symmetry. 

For the free U{1) gauge theory, all the conditions in equation (5.12) are consistent with 
one-another and physically they imply the masslessness and transversality of photon. In 
fact, the existence of gauge symmetries: + a -\- (5 k’^ (for a 

and (3 being arbitrary constants), imply that both the degrees of freedom of photon 
can be gauged away in two dimensions of spacetime by symmetry considerations alone 
and masslessness condition (A:^ = 0) emerges due to these symmetries. Thus, this theory 
becomes topological in nature as there are no propagating degrees of freedom left in the 
theory [18]. Normally, it is the masslessness /c^ = 0 and transversality A: ■ e = 0 criteria that 
are sufficient to get rid of both the degrees of freedom of photon in 2D. The former comes 
out from the equation of motion (dA^ = 0 ) and the latter is a gauge-hxing constraint 
imposed on the theory (9 ■ R = 0). In our discussion, however, the transversality of the 
photon (A; ■ e = 0) and the relation = 0) between the polarization vector and 

momentum vector kfj,, emerge because of the presence of BRST- and co-BRST symmetries. 
In fact, these two basic (BRST and co-BRST) symmetries gauge away both the physical 
degrees of freedom of photon and, in a subtle way, these are the solutions to the masslessness 
condition A:^ = 0 which emerges due to W\e,vac >= 0 (see, e.g., eqn. (5.12)). However, 
it due to the topological nature of this theory that W ^ 0 when equations of motion are 
exploited. The existence of the topological invariants on 2D compact manifold conhrms 
the topological nature of this theory in a cogent way. Such arguments have also been 
provided for the proof of topological nature of 2D free non-Abelian gauge theory (having 
no interaction with matter helds) [28]. It will be interesting to understand the BRST 
cohomology and Hodge decomposition theorem for the interacting theory in two- and four 
dimensions of spacetime where there is a coupling between the (non)Abelian gauge held 
and matter helds [29]. Some of these results have been obtained for the interacting U{1) 
gauge theory in Ref. [23] where the dual BRST transformation on the gauge held has been 
shown to correspond to the chiral transformation on the Dirac helds in 2D spacetime. 

The upshot of our whole discussion is to capitalize on the insight gained in the case of 
2D free U (1) gauge theory and generalize these ideas to 4D. In fact, it is already known that 
the duality of the Maxwell equations and the chirality of the massless fermions are very 
intimately connected even in 4D (see, e.g., Ref. [30]). It will be interesting to study the 
implication of the dual BRST symmetry in four dimensional spacetime when two-potentials 
are present in the held strength tensor = dfj,A^ — di^A^ + where is an 

axial-vector [30]. This understanding might shed some light on the axial-vector anomaly 
in 4D and the Dirac quantization condition in QED. The latter is connected to the duality 
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in electric-magnetic couplings due to presence of two potentials and their coupling with 
matter (Dirac) helds. In the case of 4D non-Abelian gauge theories, the complete under¬ 
standing of QbiQd and W might provide some insight into the problem of conhnement 
of quarks and gluons in the language of BRST formalism [31,32], These are some of the 
issues for future investigations [29], 
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